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Abstract: We study the finite size effect of rigidly rotating and spinning folded
strings in (AdS3 × S3)κ background. We calculate the leading order exponential
corrections to the infinite size dispersion relation of the giant magnon, and single
spike solutions. For the spinning folded strings we write the finite size effect in terms
of the known Lambert W -function.
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1 Introduction
Gauge-gravity duality, particularly the AdS/CFT correspondence [1–3] has become a
major area of research for last few decades in an attempt to understand string theory
in terms of gauge theory parameters and vice versa. Appearance of integrability of
the planar gauge theory, on one hand, is an interesting theoretical aspect of N = 4
Supersymmetric Yang-Mills (SYM) and, on other hand, it allows for precision tests of
the AdS/CFT correspondence. This very fact has been quite useful for comparing the
predictions coming from the string world-sheet sigma model with their counter part
spin-chain model in N = 4 SYM theory. In particular, appearance of integrability
on both sides has been quite instructive in establishing the equivalence between the
spectrum of conformal dimensions of gauge invariant operators in the gauge theory
and the spectrum of the string states in a better way. It was first observed in [4]
that the Hamiltonian of Heisenberg spin-chain system is identical to that of certain
gauge invariant operators composed of scalar fields in N=4 SYM theory at one loop
level [5]. The conformal dimension of this operator in N = 4 SYM theory with large
R-charge can be computed using Bethe ansatz equations. Later it was successfully
extended to all higher order loops in SYM theory [6, 7]. On the other hand, the
type IIB string theory on AdS5× S5 is described by a nonlinear sigma model with a
conformal symmetry group PSU(2, 2|4) [8]. Though solving the exact sigma model is
quite non trivial due to the presence of infinite number of conserved charges, classical
– 1 –
integrability technique provides valuable information on the AdS/CFT duality in the
domain of large ’t Hooft coupling (λ) [9].
In this context a large class of semiclassical strings have been studied extensively,
for example in [10–12]. It was first observed by Hofman and Maldecena [13] that the
scaling relation obeyed by the elementary magnon excitations in spin chains ofN = 4
SYM theory matches with the scaling relation obtained from certain rigidly rotating
strings called giant magnon where the linear momentum of the spin chain excitation
is identified with certain geometrical angle in the string theory side. It is further
generalized to magnon bound state which corresponds to dyonic giant magnon in
R× S3 with two angular momenta [14, 15]. It has also been observed that a certain
kind of rigidly rotating string called spiky string is dual to higher twist operators in
the dual gauge theory side [16–18]. In addition to the rotating strings, spinning and
folded strings, oscillating strings [19, 20] have also been found out to have exact dual
operators in the gauge theory.
In all the above instances the global charges on both sides of the duality are
very large or infinite which makes the structure of the integrability easy to solve. In
particular, in case of magnon excitation, the R-charge of the operator and similarly
the angular momentum of its string theory dual are infinites. For such infinite angu-
lar momentum cases the asymptotic Bethe ansatz correctly predicts the conformal
dimension roughly up to the order of λL with L the length of the spin chain. Beyond
that order, virtual particles start to wrap around the spin chain resulting correc-
tions to the conformal dimension, which is known as wrapping effects [21–23]. The
modified conformal dimension due to this wrapping effect corresponds to the scaling
relation with finite conserved charges in string theory side. So it is quite important
to find the spectrum of string states with finite conserved charges and compare with
the modified conformal dimension. In string theory side finite-size correction to giant
magnons or dyonic giant magnons comes in as a term exponentially suppressed in
size at classical level as well as quantum level [24–30]. It has been found that the
finite size correction for giant magnon derived from Lu¨scher formulas of S matrix
in strong coupling matches with finite size correction of classical strings. Later it
was extended to multi magnon bound states [31]. There are several examples where
finite size correction has been computed in string theory side and was compared with
their gauge theory counter part, for example [32–37]. Some of recent works in this
direction can be found in [38–42].
Motivated by above these, in this paper we wish to find out finite size corrections
to classical string solutions in the so called κ- deformed background which has been
constructed as an integrable background. It is constructed by Yang-Baxter defor-
mation of super currents which has Cartan subgroup [U(1)]6 [43–49]. To explore the
integrability beyond the original AdS5× S5 various rigidly rotating string, spinning
string and oscillating string have been studied in this deformed background [50–
53]. The infinite size giant magnon and single spiky string solution in κ-deformed
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background have been studied in [54–56]. It is quite important to compute the ex-
ponentially suppressed finite size corrections of these sting solutions. For the giant
magnon in the η-deformed background 1, the finite size effect has been calculated in
[40, 42].
The rest of the paper is organized as follows, In section 2, we study rigidly
rotating strings which includes both giant magnon and single spike string solutions
in κ-deformed R×S2 background. Taking the relevant ansatz, we find the equations
of motion and the corresponding string solutions. Then we compute the finite size
corrections to the scaling relation by expanding the charges at large values. Section
3 is devoted to the study of finite size correction in the leading oder of the charges for
the spinning folded string and the result is written in terms of Lambert W-function.
In section 4, we conclude with some remarks.
2 Finite size rigidly rotating strings
In this section, we present the finite size expansion of giant magnon and single spike
strings in κ-deformed background in the leading order expansion of the large charges.
We start with the truncated R× S2 metric of the full (AdS5×S5)κ deformed geometry
ds2 = −dt2 + dθ
2
1 + κ2 cos2 θ
+
sin2 θdφ2
1 + κ2 cos2 θ
, (2.1)
where κ ∈ (0,∞] is the deformation parameter. The Polyakov action for a string in
this background in conformal gauge is given by
S =
Tˆ
2
∫
dτdσ
[
−(t˙2 − t′2) + θ˙
2 − θ′2
1 + κ2 cos2 θ
+ sin2 θ
φ˙2 − φ′2
1 + κ2 cos2 θ
]
, (2.2)
where ‘dot’ and ‘prime’ denote the derivative with respect to τ and σ respectively
and Tˆ is the effective string tension, Tˆ =
√
λ
2pi
√
1 + κ2. The equations of motion
that follow from the above action are to be supplemented by the following Virasoro
constraints
gµν∂τX
µ∂σX
ν = 0,
gµν (∂τX
µ∂τX
ν + ∂σX
µ∂σX
ν) = 0, (2.3)
where gµν is the space-time metric and X
µ = {t, θ, φ}. We take the following ansatz
for rigidly rotating string
t = τ, θ = θ(y), φ = ατ + h(y), (2.4)
1κ = 2η1−η2 , where κ ∈ [0,∞)
– 3 –
where y = σ − βτ . The equation of motion of θ takes the form
θyy
1 + κ2 cos2 θ
+
κ2θ2y sin 2θ
2(1 + κ2 cos2 θ)2
−
(
(α− βhy)2 − h2y
)
sin 2θ
2(β2 − 1)(1 + κ2 cos2 θ)
(
1 +
κ2 sin2 θ
1 + κ2 cos2 θ
)
= 0,
(2.5)
where the subscript y denotes derivative with respect to y. Similarly the equation
motion of φ gives
∂h
∂y
=
αβ + A
(
κ2 cos2 θ+1
sin2 θ
)
β2 − 1 , (2.6)
where A is an integration constant. From the second Virasoro constraint equation
we find
∂θ
∂y
= ±B
√
(cos2 θ0 − cos2 θ)(cos2 θ − cos2 θ1)
(1− β2) sin θ , (2.7)
where
cos2 θ0 =
α2 − 1
α2 + κ2
, cos2 θ1 =
α2 − β2
α2 + κ2β2
and B =
√
(α2 + κ2)(α2 + κ2β2)
α
.
Substituting (2.6) and (2.7) in the first Virasoro constraint equation gives
A = −β
α
. (2.8)
It can be easily checked that the equations of motion for θ and φ are consistent with
the Virasoro constraint equations. Explicitly, if one substitutes eqn. (2.6) and eqn.
(2.7) along with the integration constant (2.8), the eqn. (2.5) is satisfied. Now we
calculate the conserved charges, namely the total energy E, the angular momentum
J and the angular difference ∆φ between the end point of the string as
E = 2Tˆ
∫ θmax
θmin
dθ
θ′
∂L
∂t˙
=
2Tˆ (1− β2)
B
∫ θmax
θmin
dθ sin θ√
(cos2 θ0 − cos2 θ)(cos2 θ − cos2 θ1)
, (2.9)
J = 2Tˆ
∫ θmax
θmin
dθ
θ′
∂L
∂φ˙
=
2Tˆ (1− β2)
B
∫ θmax
θmin
dθ sin3 θ√
(cos2 θ0 − cos2 θ)(cos2 θ − cos2 θ1)
(α− βhy)
1 + κ2 cos2 θ
,(2.10)
∆φ = 2
∫ θmax
θmin
dθ
θy
hy
=
2(1− β2)
B
∫ θmax
θmin
dθ sin θ√
(cos2 θ0 − cos2 θ)(cos2 θ − cos2 θ1)
hy. (2.11)
Now depending on the values of parameters α and β we have two interesting
class of solutions
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(i) For α ≥ 1 and β ≤ 1 : Giant magnon
(ii) For α ≥ 1 and β ≥ 1 with β
α
≤ 1 : Single spike
Below we are going to derive the finite size corrections to these class of solutions in
detail.
2.1 Giant Magnon solution
Taking cos θ = z and ε =
z2min
z2max
, we can check that for α ≥ 1 and β ≤ 1
zmax = cos
2 θ1 and zmin = cos
2 θ0. (2.12)
Now integrating (2.6) and (2.7) we get the following solutions of θ and φ respectively
z = cos θ = zmaxdn
[
(σ − βτ)Bzmax
1− β2 , 1− ε
]
, (2.13)
φ = ατ +
β
√
α2 + κ2√
α2 − β2 F
[
sin−1
(
1√
1− ε
√
1− z
2
z2max
)
, 1− ε
]
− α
2 + β2κ2
β
√
α2 − β2√α2 + κ2 Π
[
z2min − z2max
1− z2max
, sin−1
(
1√
1− ε
√
1− z
2
z2max
)
, 1− ε
]
.
(2.14)
Figure:1 depicts the snapshots of above giant magnon solution for different values
of α with β = 0.8 on the deformed S2. For α = 1 the above solutions reduce to
giant magnon solution with infinite charges, where the two ends of the string lie on
equator as depicted in figure:1. The total energy, angular momentum and angular
deficit between two end points of the magnon can be written in elliptic integrals as
E = piE√
λ
=
√
1 + κ2(1− ε)zmax√
(1− εz2max)(1 + κ2z2max)
K(1− ε), (2.15)
J = piJ√
λ
=
√
1 + κ2
√
1 + εκ2z2max
zmaxκ2
√
1 + κ2z2max
(
Π
[
κ2z2max(1− ε)
1 + κ2z2max
, 1− ε
]
−K(1− ε)
)
,
(2.16)
∆φ = p =
2
(
(1− z2max)K(1− ε)− (1− εz2max)Π
[
(1−ε)z2max
z2max−1 , 1− ε
])
zmax
√
z2max − 1
√
εz2max − 1
. (2.17)
In case of giant magnon solution, θ0 is exactly
pi
2
for which both the energy and
angular momentum become infinity whereas the difference between them remains
– 5 –
finite as shown in appendix A for completeness. To obtain the finite size corrections
to the scaling relation we take θ0 → pi2 which yields ε → 0. First we express zmax
in terms of ε, p and J which can be achieved by expanding p around both ε = 0
and zmax = sin
p
2
and subsequently inverting the series for zmax(ε, p,J ). Then we
insert zmax in the expansion of angular momentum at ε = 0 and use the Lagrange
inversion formula to get the analytic function ε(p,J ). Finally we plug zmax(ε, p,J )
and ε(p,J ) in the expression of E − J to get the expansion of the scaling relation
for finite size corrections.
Before the expansions of p and J we can see there are logarithmic singularities
in Jacobi elliptic function Π which can be isolated using the addition formula (C.4)
for which J and ∆φ turn out to be
J =
√
1 + κ2
ipiF[sinh−1 κzmax, ε]
2κK[ε]
+
zmax(1− ε)K(1− ε)√
(1 + κ2z2max)(1 + εκ2z2max)
Π
[
ε(1+κ2z2max)
1+εκ2z2max
, ε
]
K(ε)
 ,
(2.18)
p =
piF[sin−1 zmax, ε]
K[ε]
− 2zmax(1− ε)K(1− ε)√
(1− z2max)(1− εz2max)K(ε)
(
K(ε)−Π
[
ε(1− z2max)
1− εz2max
, ε
])
.
(2.19)
Similarly the linear momentum p has logarithmic singularity due to Jacobi elliptic
function K(1− ε)
K(1− ε) =
∞∑
n=0
εn (dn ln ε+ hn) (2.20)
where
dn = −1
2
(
(2n− 1)!!
(2n)!!
)2
, hn = −4dn(ln 2 +Hn −H2n) with Hn =
n∑
k=1
1
k
.
To remove the logarithmic singularities from p, we solve for K(1 − ε) in angular
momentum and substitute in (2.19). Then we expand it around both ε = 0 and
zmax = sin
p
2
. After the expansion we invert the series for zmax up to first order of ε
which gives
zmax = sin
p
2
+
1
8
cos2
p
2
√
1 + κ2 sin2
p
2
 4J√
1 + κ2
+
4 sinh−1(κ sin p
2
)
κ
+
2 sin p
2√
1 + κ2 sin2 p
2
 ε.
(2.21)
Now we substitute above zmax(ε, p,J ) series in (2.18) and expand around ε = 0
which can be written in the form of
J =
∞∑
n=0
εn(cn ln ε+ bn)⇒ ln ε = J −
∑∞
n=0 bnε
n∑
n=0 cnε
n
. (2.22)
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After exponentiating and rearranging it, we get
ε0 = ε exp
( ∞∑
n=0
bnε
n −
(
J − b0
c0
−
∞∑
n=0
bn
c0
εn
) ∞∑
n=1
(−1)n
( ∞∑
k=1
ck
c0
εk
)n)
(2.23)
where
ε0 = exp
[J − b0
c0
]
= 16 exp
−2 (Jκ +√1 + κ2 sinh−1(κ sin p2))
√
1 + κ2 sin2 p
2
κ
√
1 + κ2 sin p
2

is the lowest order power in (2.23). Now inverting the above series for ε we get the
general form of ε as
ε =
∞∑
n=1
2n−2∑
m=0
Anm Jm εn0 (2.24)
and the leading order terms can be found as
εleading =
∞∑
n=1
An,2n−2 J 2n−2 εn0 = ε0 +
256 cot2 p
2
1 + κ2
J 2ε20 +O(J 4ε30). (2.25)
Finally substituting this in the expression of (E − J ) gives the leading finite size
dispersion relation for giant magnon
E − J |leading =
√
1 + κ2
sinh−1(κ sin p2)
κ
− (1 + κ
2) sin3 p
2
4
√
1 + κ2 sin2 p
2
ε0 −
csc p
2
sin2 p
32
√
1 + κ2 sin2 p
2
J 2ε20
 .
(2.26)
We can see, for J →∞ in the above result gives
E − J =
√
1 + κ2
sinh−1(κ sin p
2
)
κ
(2.27)
which matches with the infinite size giant magnon dispersion relation [54, 55]. Sim-
ilarly for κ → 0 it reduces to the finite size dispersion relation of giant magnon in
original Rt× S2 [13]. This result also exactly matches with finite size correction for
giant magnon obtained from dressing phase at strong coupling [42].
2.2 Single Spike solution
For α ≥ 1 and β ≥ 1 with β
α
≤ 1 one can verify that
zmax = cos
2 θ0 and zmin = cos
2 θ1 . (2.28)
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Now integrating out (2.6) and (2.7), we find the following solution for θ and φ re-
spectively
z = cos θ = zmax dn
[
(σ − βτ)Bzmax
1− β2 , 1− ε
]
, (2.29)
ϕ = ατ − β(α
2 + κ2)√
(α2 − 1)(α2 + κ2β2)
(
F
[
sin−1
(
1√
1− ε
√
1− z
2
z2max
)
, 1− ε
]
−Π
[
z2min − z2max
1− z2max
, sin−1
(
1√
1− ε
√
1− z
2
z2max
)
, 1− ε
])
. (2.30)
The above solutions are plotted over the deformed S2 sphere with different value of
α and fixed β = 1.5 as shown in the figure:1. When α = β the above solution reduces
to the infinite single spike solution. The conserved charges and the angular deficit
turn out to be
E =
√
λ(1 + κ2)
pi
(1− ε)zmax√
1− z2max
√
1 + εκ2z2max
K(1− ε) , (2.31)
J =
√
λ(1 + κ2)
pi
(
(1 + κ2z2max)K(1− ε)− (1 + εκ2z2max)Π
[
(1−ε)κ2z2max
1+κ2z2max
, 1− ε
])
κ2zmax
√
1 + κ2z2max
√
1 + εκ2z2max
,
(2.32)
∆φ = p =
2
√
1− εz2max
(
K(1− ε)−Π
[
z2max(1−ε)
z2max−1 , 1− ε
])
zmax
√
1− z2max
. (2.33)
Inverting the linear momentum we get zmax as
zmax = sin ξ +
(p cos ξ + 2ξ cos ξ + sinξ) (1 + κ2 sin2 ξ)ε
4
+O(ε2) (2.34)
plugging zmax expansion in angular momentum and then inverting it for ε, we get
ε = 16 exp (−(p+ 2ξ) cot ξ) , (2.35)
where
sin ξ =
sinh
[
Jκ√
1+κ2
]
κ
.
Now substituting (2.35) and (2.34) in the expansion of E− Tˆ∆φ, we get the leading
order finite size scaling relation for single spike
E− Tˆ∆φ = 2Tˆ
(
ξ +
(1 + κ2) sin2 ξ tan ξ
4
ε
)
. (2.36)
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For p→∞ we find
E− Tˆ∆φ = 2Tˆ sin−1
sinh
[
Jκ√
1+κ2
]
κ
 , (2.37)
which matches with the infinite single spike scaling relation [56]. Similarly taking
κ → 0, the above result reproduces the finite size scaling relation for single spike in
undeformed R×S2 [32].
(a) Giant Magnon (b) Single spike
Figure 1: Infinite(red) and finite (blue and green) magnon and single spike for
κ = 0.5
3 Spinning folded string solution
In this section, we discuss spinning folded/GKP string solution in R×S2 subspace of
κ-deformed background. This type of string is closed, folded which rigidly rotates
around the north pole of two sphere S2 as depicted in 2. It is dual to the super-
position of two magnon excitations each having maximum momentum pi in N = 4
SYM theory. We derive the dispersion relation for both infinite and finite angular
momentum. The relevant ansatz for this type of string is given by
t = kτ, θ(σ) = θ(σ + 2pi), φ = kωτ. (3.1)
The equation of motion of θ and one of the Virasoro constraint respectively gives
θ′′(1 + κ2 cos2 θ) + κ2 sin(2θ)θ′2 + k2ω2 sin θ cos θ(1 + κ2 cos2 θ) = 0. (3.2)
θ′2 − k2(1 + κ2 cos2 θ) + k2ω2 sin2 θ = 0, (3.3)
– 9 –
It can be seen that the equations of motion is consistent with the Virasoro constraint
equation. Now integrating the equation of motion we find the following periodic
solution of θ.
sin θ =
√
1 + κ2
κ2 + ω2
sn
[
k
√
κ2 + ω2σ,
1 + κ2
1 + ω2
]
. (3.4)
Time evolution of above solution has been plotted over deformed S2 sphere in fig:2.
For ω = 1 it corresponds to infinite size spinning folded string solution. From (3.2)
we find the the maximum value of θ is
θmax = sin
−1
√
1 + κ2
κ2 + ω2
(3.5)
Figure 2: Left: Time evolution of GKP string solution for κ = 1.5 and ω = 1.1:
blue(τ = 0), red(τ = T
4
), green(τ = 3T
2
), purple(τ = T
2
). Right: GKP string solution
with different value of ω but fixed κ = 1.5.
The periodicity condition of θ implies, it increases for 0 ≤ σ ≤ pi
2
, and reaches
θmax at σ =
pi
2
, then it decreases to zero for pi
2
≤ σ ≤ pi and continues the pattern for
the other half as shown in fig:3 for different values of κ and ω.
2pi =
∫ 2pi
0
dσ = 4
∫ θmax
0
dθ
k
√
1 + κ2
√
1− κ2+ω2
1+κ2 sin
2 θ
(3.6)
or
pi
2
k
√
κ2 + ω2 = K
(
1 + κ2
κ2 + ω2
)
(3.7)
– 10 –
Figure 3: Plot of θ(σ) for κ=const.(left) and ω=const.(right).
The conserved charges and the difference between them can be calculated as
E =
Tˆ
2
∫
∂L
∂t˙
dσ =
4Tˆ√
1 + κ2
∫ θmax
0
dθ√
1− κ2+ω2
1+κ2 sin
2 θ
=
2
√
λ
pi
F
[
θmax,
κ2 + ω2
1 + κ2
]
,
(3.8)
J =
Tˆ
2
∫
∂L
∂φ˙
dσ =
4Tˆ√
1 + κ2
∫ θmax
0
ω sin2 θ
1 + κ2 cos2 θ
dθ√
1− κ2+ω2
1+κ2 sin
2 θ
=
2
√
λω
piκ2
(
Π
[
κ2
1 + κ2
, θmax,
κ2 + ω2
1 + κ2
]
− F
[
θmax,
κ2 + ω2
1 + κ2
])
. (3.9)
E− J = 4Tˆ√
1 + κ2
∫ θmax
0
dθ√
1− κ2+ω2
1+κ2 sin
2 θ
(
1− ω sin
2 θ
1 + κ2 cos2 θ
)
(3.10)
Figure 4: Plot for energy(left) and spin (right) for different values of κ
Depending upon the value of the κ
2+ω2
1+κ2 we have two different kind of string
solution (i) For κ
2+ω2
1+κ2 > 1: Folded closed string solution. (ii)
κ2+ω2
1+κ2 < 1 circular
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string solution. Here we will discuss about only folded string solution for which the
conserved charges and their different turn out to be
E =
4Tˆ√
κ2 + ω2
K
[
1 + κ2
κ2 + ω2
]
, (3.11)
J =
4Tˆ
κ2
√
κ2 + ω2
(
Π
[
κ2
κ2 + ω2
,
1 + κ2
κ2 + ω2
]
−K
[
1 + κ2
κ2 + ω2
])
, (3.12)
E− J = 4Tˆ√
κ2 + ω2
(
(κ2 − 1)K
[
1 + κ2
κ2 + ω2
]
−Π
[
κ2
κ2 + ω2
,
1 + κ2
κ2 + ω2
])
. (3.13)
Here we can see when the string is stretched to the equator i.e. θmax =
pi
2
or ω = 1,
both E and J diverge (fig:4) while their difference remains finite
E− J = 2
√
λ
pi
∫ pi
2
0
(1 + κ2) cos θdθ
1 + κ2 cos2 θ
=
2
√
λ
pi
sinh−1 κ
κ
(3.14)
This is the scaling relation of GKP string in (R× S2)κ with infinite energy and
angular momentum. For κ → 0 the above result reduces to
E− J = 2
√
λ
pi
, (3.15)
which matches with the dispersion relation for spinning folded string solution in
undeformed R × S2 as found in [10]. It can also be verified that, the above relation
matches with the scaling relation of the superposition of two giant magnon when
they both have momentum p = pi. Now we want to find the scaling relation for
finite angular momentum by expanding both energy and angular momentum around
θmax =
pi
2
or ω = 1. Taking ε = 1− 1+κ2κ2+ω2 we can rewrite the conserved charges as
E =
2
√
λ
pi
√
1− ε K [1− ε] , (3.16)
J =
2
√
λ
√
1− ε
piκ2
(
Π
[
κ2
1 + κ2
, 1− ε
]
−K [1− ε]
)
. (3.17)
Now shifting the argument of the Jacobi elliptic function we can isolate the singu-
larity, for which the angular momentum becomes
J = piJ√
λ
= ipi
√
1 + κ2
F
[
sin−1 iκ, ε
]
K(ε)
+
2(1− ε)√
1 + εκ2
K(1− ε)Π
[
ε(1+κ2)
1+εκ2 , ε
]
K (ε)
. (3.18)
Now we expand J around ε = 0 and using the expansion of elliptic function, we get
J in following form
J =
∞∑
n=0
εn(cn ln ε+ bn)⇒ ln ε = J −
∑∞
n=0 bnε
n∑
n=0 cnε
n
. (3.19)
– 12 –
After exponentiating and rearranging it, we get
ε0 = ε exp
( ∞∑
n=0
bnε
n −
(
J − b0
c0
−
∞∑
n=0
bnε
n
) ∞∑
n=1
(−1)n
( ∞∑
k=1
ck
c0
εk
)n)
(3.20)
where
ε0 = exp
(J − b0
c0
)
= 16 e−J−
2
√
1+κ2 sinh−1 κ
κ
is the lowest order in ε . The above expansion can be written in the following form
ε0 =
∑∞
n=1 anε
n where the coefficient an can be found from (3.20). Now we can use
Lagrange inverse formula to find ε in the series expansion of ε0. We find the inverse
series in the following form
ε =
∞∑
n=1
εn0
n−1∑
m=0
cnmJm (3.21)
the coefficients cnm is independent of J . We find the following leading order terms
εleading =
∞∑
n=1
cn,n−1J n−1εn0
= ε0 − J ε
2
0
4
+
3J 2ε30
32
− 1
24
J 3ε40 +
125
6144
J 4ε50 −
27
2560
J 5ε60 + · · · .
(3.22)
The above leading order terms of ε can be generalized and subsequently can be
written in terms of Lambert’s W function as
εleading =
4
J
∞∑
n=1
(−n)n−1
n!
ε0J
4
=
4
J W
(
ε0J
4
)
. (3.23)
Finally substituting (3.22) in (3.13), we get the following dispersion relation up to
leading order as
E−J |leading = 2
√
1 + κ2 sinh−1 κ
κ
− (1 + κ
2)ε0
2
(
1− J ε0
8
+
J 2ε20
32
+ · · ·
)
. (3.24)
The above relation can be written in compact form using Lambert W function as
E − J |leading = 2
√
1 + κ2 sinh−1 κ
κ
− 1 + κ
2
J (2W +W
2). (3.25)
We can see for J → ∞, (3.24) gives
E − J = 2sinh
−1 κ
κ
. (3.26)
which is the infinite size scaling relation for folded spinning string as derived in (3.14).
Similarly for κ → 0 it gives result obtained in [24] for undeformed Rt × S2.
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4 Concluding remarks
In this paper, we have found the finite size scaling relation for various classical string
solutions in κ-deformed AdS3×S3 by expanding the conserved charges at their large
values. First we have computed the finite size correction to the scaling relation of
giant magnon and single spike string solutions in κ- deformed Rt×S2 geometry. For
the giant magnon case the expression for the finite size correction matches with the
Lu¨scher correction obtained from the exact S-matrices at strong coupling. For the
single spike string solution one needs to find the corrections at strong coupling and
compare it with our present result. We have shown for J → ∞ in giant magnon case
and p→∞ in single spiky case, the finite size correction reproduce the corresponding
infinite size scaling relation. Further we have also obtained the finite size correction
to folded spinning string solution. For κ → 0 all our results reduce to the results
obtained in undeformed Rt×S2.
The results obtained here can be extended in a number of directions. First, it
will be interesting to find out the finite size expansion for magnon bound state or
dyonic giant magnon in κ-deformed background where correction terms will depend
on two angular momenta along the S3. It will also be worth studying similar finite
size effect for the classical string solutions in AdS3× S3 with mixed flux. We wish to
report on these issues in near future.
Acknowledgements
We would like to thank G. Linardopoulos for some useful discussions.
A Infinite charge giant magnon
Here we review the dispersion relation of giant magnon having infinite energy and
angular momentum[54–56]. In this case the end points of the string lie on the equator
i.e θ0 =
pi
2
. For which the conserved charges and the angular difference becomes
E = 2Tˆ
1− β2
B
∫ pi
2
θ1
sin θ
cos θ
√
cos2 θ1 − cos2 θ
(A.1)
J = 2Tˆ
1− β2
B
∫ pi
2
θ1
sin θ
cos θ
√
cos2 θ1 − cos2 θ
β2(1 + κ2 cos2 θ)− sin2 θ
(β2 − 1)(1 + κ2 cos2 θ) (A.2)
We can see that both E and J diverge but their difference remains finite.
E− J = 2Tˆ√
(1 + κ2)(1 + κ2β2)
∫ pi
2
θ1
dθ sin θ cos θ
(1 + κ2 cos θ)
√
cos2 θ1 − cos2 θ
= 2Tˆ tanh−1
κ cos θ1√
1 + κ2 cos2 θ1
(A.3)
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The angular difference can be calculated as
∆φ = 2
β(1 + κ2)√
(1 + κ2)(1 + κ2β2)
∫ pi
2
θ1
sin θ
cos θ
√
cos2 θ1 − cos2 θ
= 2 sin−1(cos θ1) (A.4)
Combining (A.3) and (A.4), we find
E− J = 2Tˆ
κ
tanh−1
κ| sin ∆φ
2
|√
1 + κ2 sin2 ∆φ
2
or E− J = 2Tˆ
κ
sinh−1
(
κ sin
∆φ
2
)
(A.5)
B Infinite charge single spike
In this case, θ1 =
pi
2
. For which the energy and angular difference are infinite where
the difference between them and the angular momentum remains finite [56].
E =
2Tˆ (1− α2)√
(α2 + κ2)(1 + κ2)
∫ θ0
pi
2
dθ sin θ
cos θ
√
cos2 θ0 − cos2 θ
(B.1)
∆φ =
2(1− α2)√
(α2 + κ2)(1 + κ2)
∫ θ0
pi
2
dθ sin θ
cos θ
√
cos2 θ0 − cos2 θ
α2 − 1+κ2 cos2 θ
sin2 θ
a2 − 1 (B.2)
E− Tˆ∆φ = −2Tˆ
√
1 + κ2√
α2 + κ2
∫ θ0
pi
2
cos θ
sin θ
√
cos2 θ0 − cos2 θ
= 2Tˆ sin−1 cos θ0
= 2Tˆ
(pi
2
− θ0
)
(B.3)
The angular momentum can be calculated as
J =
−2Tˆ (1 + κ2)√
(α2 + κ2)
∫ θ0
pi
2
dθ sin θ cos θ
(1 + κ2 cos2 θ)
√
cos2 θ0 − cos2 θ
=
2Tˆ
κ
tanh−1
κ cos θ0√
1 + κ2 cos2 θ0
(B.4)
combining (B.3) and (B.4), gives
E− Tˆ∆φ = 2Tˆ sin−1
sinh
[
Jκ√
1+κ2
]
κ
 (B.5)
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C Useful formulas of elliptic integrals
∫ zmax
zmin
dz zmax√
(z2max − z2min)(z2 − z2min)
= K
(
1− z
2
min
z2max
)
∫ zmax
zmin
dz z2
zmax
√
(z2max − z2min)(z2 − z2min)
= K
(
1− z
2
min
z2max
)
∫ zmax
zmin
dz zmax(1− z2max)
(1− z2)√(z2max − z2min)(z2 − z2min) = Π
(
z2max − z2min
z2max − 1
,
z2min
z2max
)
(C.1)
Modulus transformation identities
F [φ,m] =
1√
m
F
[
φ1,
1
m
]
Π [n, φ,m] =
1√
m
Π
[
n
m
, φ1,
1
m
]
(C.2)
where φ1 = sin
−1(
√
m sinφ).
F [φ,m] = −iF [sec−1(cosφ), 1−m]
Π [n, φ,m] =
i
1− n
(
nΠ
[
1− n, sec−1(cosφ), 1−m]− F [sec−1(cosφ), 1−m])
(C.3)
Addition Formula
Π [n,m] =
1
(1− n)K(1−m)
(
pi
2
√
n(n− 1)
m− n F
[
sin−1
√
n
n−m, 1−m
]
−
K(m)
[
(n− 1)K(1−m)− nΠ
[
1−m
1− n , 1−m
]])
(C.4)
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